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A Demonstration of Dual K-Band Frequency
Radiometry With the Deep Space Network

70-Meter Antennas
G. Lanyi1 and C. Naudet1

Brightness temperatures measured at frequencies of 19.8 and 26.3 GHz are uti-
lized to obtain the line-of-sight water-vapor path delays that are compared with
nearby Global Positioning System (GPS) and dedicated water-vapor radiometer
measurements. The presented method of radiometric determination of water-vapor-
induced path delays allows direct calibration of range measurements at the full range
of elevation angles. The application of an a priori linear water-vapor retrieval coeffi-
cient to these exploratory measurements indicates an agreement with stochastically
estimated GPS values at a level range of 0.2 to 0.8 cm at zenith. The calculated
mean zenith-delay difference between these techniques is up to 0.4 cm. The known
sources of these discrepancies are (1) the presence of radio sources in the mea-
surements, (2) an inadequate brightness-temperature calibration, (3) water-vapor
retrieval algorithm uncertainties, and (4) an inadequate method of GPS estimation
of delays. From the current data, the lowest achievable zenith path-delay error
is estimated to be 0.03 cm; that is an order of magnitude lower than the above
discrepancies.

I. Introduction

Uncalibrated water-vapor-induced path delay may be a significant error in range measurements at
radio frequencies. Routine determination of water-vapor path delays by radiosonde measurements is
largely impractical, and meteorological surface measurements give only a crude estimate of these delays.
There are two practical methods for reducing the effects of water-vapor path delay, stochastic estimation
[1–4] and calibration by dedicated water-vapor radiometry [5–16,38]. The latter calibration technique
is the subject of this article. The primary factors that affect the accuracy of water-vapor radiometric
measurements are the absolute calibration and stability of the brightness-temperature measurements
and the conversion of the brightness temperatures into water-vapor path-delay values. The stability of
brightness-temperature measurements has been steadily improved during the last 30 years in dedicated
water-vapor radiometers (WVRs), and the current limiting factor appears to be the error associated with
conversion of brightness temperatures into water-vapor path delays. There are also secondary sources of
errors that affect the water-vapor path-delay calibration of a range measurement: the distance between
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a dedicated WVR and the ranging antenna, the elevation-angle limits imposed by the large beam width
of the past WVRs, and the mismatch between the antenna beam size of the ranging antenna and the
WVR [17,18]. Clearly, using the ranging antenna as a WVR should result in the best calibration of the
water-vapor path delay, but the cost and complexity caused by switching to the additional water-vapor
emission (K-band) frequencies usually prevent such an application.

The Deep Space Network (DSN) of the National Aeronautics and Space Administration (NASA)
employs three groups of antennas situated in Australia, California, and Spain. This network provides
the communication link between the ground and certain space probes and assists the navigation of these
probes by employing absolute and differential range measurements. The antennas also are utilized for a
variety of radio science experiments that may require water-vapor path-delay calibration. Currently, the
antennas are mostly operated at S- and X-band frequencies (2.3 and 8.4 GHz, respectively). However,
DSN antennas are being equipped with K-band (19- to 26.5-GHz) and Ku-band (31.8- to 32.1-GHz)
receivers. These improvements [19,20] were made to serve future communication needs and the current
space-based very long baseline interferometry (VLBI) projects. In addition, the computer-based control
of the receiver-system hardware, which introduced the needed flexibility for the development of new
techniques, has been significantly improved. This automated receiver system offers the possibility of
simultaneous use of K-band for VLBI data acquisition and for an in-beam WVR as well.

During the period between June and November of 1998, a few observing sessions of radio sources were
conducted to test the performance and operation of the new K-band receiving systems. These observations
involved brightness-temperature measurements of radio sources of quasars with single antennas and VLBI
observation of radio sources by dual 70-m antennas at Goldstone, California, and Tidbinbilla, Australia.
Promptly after the measurements were taken, it was realized that some of these measurements could
serve as the foundation of an exploratory road toward direct dual-frequency water-vapor path-delay
calibration on the DSN antennas.2 Although these measurements included few relatively strong radio
sources, there were a sufficient number of weak sources for the purpose of evaluating the calibration
technique. In this article, we report on an analysis of these measurements with respect to water-vapor
radiometry and compare the results with water-vapor path-delay values obtained by a nearby dedicated
WVR at Goldstone [15] and by stochastic estimation from Global Positioning System (GPS) receiver
data at Goldstone. Since, for accurate measurements, the water-vapor path-delay retrieval algorithm may
have seasonal and site dependence, we believe that the GPS measurements could serve as the absolute
calibration of the water-vapor path delays for a given observing period and site, while the WVR formed
by the antenna receiving system would measure short-time-scale fluctuations within the observing session.

II. Brightness-Temperature Measurements

The radiometric power measurement employed at the DSN sites is the conventional method of com-
paring the power received from a remote source with a calibrated local noise power; this method was first
introduced by Dickey [21]. There were two sources of local noise power employed—a thermal radiator
and a noise diode. In some of our measurements, only the thermal radiator was used as a power scale
calibrator, while the others used both references.

The power at radio frequencies is usually described by an equivalent (brightness) temperature that is
associated with blackbody radiation. At low frequencies, the blackbody radiation is well described by
the Rayleigh–Jeans radiation law and, thus, the power can be uniquely described by the temperature of
the radiation alone. At K-band frequencies, the deviation from the Rayleigh–Jeans law is not completely
ignorable, and the first-order Planck radiation law correction yields that even a frequency-independent
brightness temperature, T , becomes slightly frequency dependent if one insists upon using the brightness
temperature defined by the Rayleigh–Jeans formula (ν is in GHz):

2 This article, with minor changes, is a delayed publication of a manuscript from April 22, 1999.
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The path of the radio signal from the main reflector of the antenna to the final values of digitized power
include several stages of instrumentation. Therefore, the relationship between the real brightness tem-
perature and the measured power is not necessary linear; however, an approximately linear relationship
often is assumed. The common linear calibration of the brightness-temperature measurements consists of
two reference radiators at temperatures Ta and Tb, and the power, P , measured by the receiving system
can be expressed as

T = Ta +
Tb − Ta
Pb − Pa

(P − Pa) (2)

In the the simplest linear calibration scheme, the DSN typically employs only one thermal radiator at Tb
and uses the measured residual power value, Pa, at maximum attenuation that is associated with Ta = 0.
The measurement of Pb usually is performed at the beginning and the end of each observing session for
each frequency. Since this calibration method is not accurate enough, a noise diode also can be switched
in on demand, and a linear calibration can be performed by setting Tb to the noise-diode temperature.
The combination of these measurements also will allow a nonlinear calibration of the real brightness
temperature as a function of measured power at a given frequency. The corresponding three-parameter
quadratic calibration scheme is described in [22].

The temperature representing the measured power is decomposable into two components, the receiving-
system temperature, Tr, and the sky temperature, Tsky:

T = Tr + Tsky (3)

The brightness temperature, Tsky, includes the power of atmospheric radiation, point-like radio sources,
and the cosmic background radiation. By this definition, the receiving-system temperature, Tr, includes
all other sources of noise and, thus, it may be the function of time and, to a lesser degree, antenna
pointing.

III. Brightness-Temperature to Water-Vapor Path-Delay Conversion

The phenomenon of propagation, emission, and absorption of electromagnetic radiation in the atmo-
sphere is designated by Chandrasekhar as the process of “radiative transfer” [23]. The attenuation of
external sources and the effective emission of atmospheric radiation are described by the radiative transfer
equation expressed below in terms of brightness temperatures at microwave frequencies:

Tν = (Ts + Tc) exp
(
− τν,θ,φ(∞)

)
+
∫ ∞

0

ds Tp(s)
dτν,θ,φ(s)

ds
exp

(
− τν,θ,φ(s)

)
(4)

where Tν is the total brightness temperature of the sky at the given frequency, Ts is the brightness tem-
perature of the radio source (Ts = 0 when no source is present), Tc is the cosmic background temperature,
s is the path length of the radio signal measured from the receiver, Tp is the physical temperature of the
atmosphere, and τν,θ,φ(s) is the opacity or optical depth of the atmosphere that is the path integral of
the absorption coefficient dτν,θ,φ(s)/ds. Besides the path length, the opacity also is a function of θ and
φ, the elevation and azimuth angles, respectively. The primary components of the absorption coefficients
include contributions from the 60-GHz oxygen spectrum band and the 22.35-GHz water-vapor spectral
line. An additional component of opacity is due to condensed water [5].

3



With a given model of the opacity, Eq. (4), applied to a set of brightness-temperature measurements at
different angular directions and oxygen-band frequencies, may be used to estimate the temperature profile,
Tp, by an approximate numerical inversion of the obtained set of integral equations [24–26]. The water-
vapor path-delay determination is an inverse form of the above process: assuming an a priori model of
Tp, the integral equations of radiative transfer may be solved for the opacity and the related water-vapor
density numerically or by a suitable analytic approximation. Applying a two-parameter water-vapor-
density profile model, Robinson [27] argued the importance of the numerical solution of the unaltered
radiative transfer equations as compared with the semiempirical analytic approximation of Resch [8,12].
However, his small improvement in the statistics of water-vapor path-delay retrieval does not sufficiently
support this argument. The primary purpose of this article is a feasibility test of water-vapor radiometry
with large DSN antennas and, therefore, only a cursory analysis of the water-vapor path-delay retrieval
algorithm is within our concern at this time. For a clear understanding of the water-vapor path-delay
retrieval process, we apply the simplest analytic approximation that coincides with the simplest retrieval
formulation of [12]. This formulation by Resch [12] contains a single retrieval coefficient that can be
transformed from the applied specific pair of frequencies to arbitrary frequencies based on the Lorentz
shape of the spectral line. The description and justification of this retrieval algorithm is given in the
Appendix.

IV. Results

Data retrieval and reduction involves two major steps: (1) total brightness-temperature determination
and (2) water-vapor brightness temperature, opacity, and delay calculations. The total brightness tem-
peratures were determined with the procedure outlined in Section II. Although additional noise diodes
currently are being installed at all DSN sites, there were noise diodes only at the frequency-band centered
ν1 = 19.831 in our experiments. Therefore, only the thermal radiator was used to calibrate the brightness
temperature, resulting in an absolute calibration error as high as 5 percent, while the temporal drift of the
calibration was approximately 2 percent. We expect to have better than 1 percent error for the absolute
calibration and 0.3 percent for the drift with dual noise-diodes.

The radio-source temperatures were determined by pointing the antenna briefly off the source. The
mean source temperature and its rms scatter were calculated for each observing session, and the strongest
sources were removed from analysis. The elevation-angle-independent part of the measured effective
water-vapor temperature at ν1, TA 1w (that includes the receiving-system temperature, Tr, which is
dominated by the receiver electronic noise, Te) and the mean zenith opacity were statistically estimated
by Eq. (A-22), assuming a quadratic time dependence of TA 1w. The temperature TA 1w drifted as much
as 1 K during the course of an observation. For a particular observing session, the mean of the radio-
source temperatures is absorbed by TA 1w in the statistical fit using Eq. (A-22), but its scatter around
the mean (≈0.45 K) results in an error in water-vapor path delay. To reduce this effect, radio sources
resulting in larger than 0.7-K residuals in the fit were removed. This limit was chosen as a compromise
for retaining enough data and avoiding the removal of the non-Gaussian tail of water-vapor fluctuation
[37]. This criterion was formulated as 0.7 K > 10 × rms, where the rms of the final statistical fit was
ranging between 0.03 and 0.08 K.

The water-vapor path delays were calculated from Eqs. (A-19) and (A-20) using the values of TA 1w

from the statistical fit. The obtained path-delay values were mapped to zenith by sin θ and then compared
with GPS and WVR estimates of zenith water-vapor path delays. The deviations between the DSS-14
estimates of zenith water-vapor path delays and the GPS/WVR estimates along with the mean opacities
and source temperatures are given in Table 1 for each observing session at Goldstone in 1998.

The GPS path-delay estimates were made using GPS data from a GPS receiver 100 m from the
antenna site. The dedicated WVR (J-series) is stationed at DSS 13. There are two measures of statis-
tics for each observing session: (1) the mean of differences and (2) the root-mean-square of the differences.
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Table 1. Summary of experiments.

Source Difference, cm
Mean

temperature,
Duration, zenith

Date DOY K DSS 14 − GPS DSS 14 − WVR
UT opacity

τZw Mean rms Mean rms Mean rms

10-08 281 20:00–05:00 0.013 0.29 0.4 0.30 0.39 0.87 0.95

10-24 297 20:00–05:00 0.043 0.51 0.5 −0.34 0.79 0.74 0.94

10-28 301 12:30–18:00 0.029 0.58 0.4 0.18 0.41 0.10 0.28

For our water-vapor delay errors, these differences are dominated by the source temperature fluctuation
(≈0.35 cm), the brightness-temperature calibration error (5 percent or <0.5 cm), and the scale error of
the path-delay retrieval algorithm (<5 percent or ≤0.5 cm).

The effective water-vapor brightness temperature as a function of air mass and the zenith path delay as
a function of time are shown in Figs. 1 through 3. These figures also include the stochastically estimated
zenith delays from GPS measurements and the dedicated WVR estimates of zenith delays. The WVR
was pointing to zenith.

Two of the GPS path delays were extracted from the routine site-specific FLINN solution. The path
delays in Fig. 1 were determined by Y. Bar-Sever in a nonroutine fashion, but this is still a nonoptimal
method, since the 24-hour solutions produce gaps at the day boundaries.

The WVR, stationed at DSS 13, is separated from DSS 14 by approximately 20 km. The 20-km
distance between DSS 14 and the dedicated WVR may explain some of the discrepancies between the
path delays determined by the dedicated WVR and the other methods, although the deviation from the
GPS values in Fig. 1, nearly as high as 1 cm, is somewhat puzzling at the 2-cm path-delay level.

In summary, the measurements presented in this article were not ideal for precision water-vapor ra-
diometry because of the presence of radio sources and an incomplete precision brightness-temperature
calibration system. Nevertheless, we have developed the data path from the receiving system with a set
of computerized analytical tools to process the data, and the first results appear to be quite reasonable.

V. Conclusion

The exploratory brightness-temperature measurements combined with the presented water-vapor path-
delay retrieval algorithm indicate that the DSN antennas may be utilized as dual-frequency water-vapor
radiometers. The lowest system temperature scatter is 0.034 K; that is an indicator of the lowest achiev-
able error of this technique (0.03-cm path delay at zenith). The root-mean-square difference between the
obtained delay values and the stochastically estimated values from the GPS receiver data varies between
0.3 and 0.8 cm at zenith, while the mean difference is below 0.4 cm. The known sources of these differences
include unwanted source-temperature variations and an inadequate brightness-temperature calibration.
Due to the exploratory nature of this study, the water-vapor path-delay retrieval algorithm was not fully
explored; the simplest method was used and, thus, there is room for improvements. For a validation of
the technique, we plan to perform more measurements without radio sources at each DSN site with two-
frequency systematic calibration of the brightness temperature and to adjust the retrieval algorithm if
necessary. We think that the GPS delay values could be used for normalization of the retrieval algorithm
and that the comparison between the delay values given by the WVR formed by the DSN antennas and
the GPS estimates potentially may help to improve the GPS estimation technique.
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Fig. 1.  Measurements taken at DSS 14 at Goldstone, California, on October
8, 1998 (DOY 281):  (a) effective brightness temperature and (b) zenith path
delay of water vapor.  The "+" symbols represent the radiometry at DSS 14;
the solid line is the GPS estimates at DSS 14; and the rapidly fluctuating
points are the zenith path-delay measurements by the WVR at DSS 13.
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Fig. 2.  Measurements taken at DSS 14 at Goldstone, California, on October
24, 1998 (DOY 297):  (a) effective brightness temperature and (b) zenith path
delay of water vapor.  The "+" symbols represent the radiometry at DSS 14;
the solid line is the GPS estimates at DSS 14; and the rapidly fluctuating
points are the zenith path-delay measurements by the WVR at DSS 13.
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Fig. 3.  Measurements taken at DSS 14 at Goldstone, California, on October
28, 1998 (DOY 301):  (a) effective brightness temperature and (b) zenith path
delay of water vapor.  The "+" symbols represent the radiometry at DSS 14;
the solid line is the GPS estimates at DSS 14; and the rapidly fluctuating
points are the zenith path-delay measurements by the WVR at DSS 13.
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Appendix

Water-Vapor Path-Delay Retrieval Algorithm

Equation (4) is analytically integrable for a constant Tp, and the mean value theorem of integrals,
after a change of variables, produces a formally equivalent result for an arbitrary vertical temperature
profile:

T = (Ts + Tc) exp
(
− τν,θ,φ(∞)

)
+ Tp(〈h〉)

(
1− exp

(
− τ ν,θ,φ(∞)

))
(A-1)

In Eq. (A-1), Tp is assumed to be laterally homogeneous. The quantity 〈h〉 is a priori unknown and, in
principle, it could be a complicated functional of the opacity. However, Tp varies only about 10 percent
up to about an altitude of 4 km, the region that includes more than 80 percent of the total water vapor.
Therefore, Tp cannot depend strongly on 〈h〉 when Eq. (A-1) refers to the opacity of water vapor only and,
thus, Tp is only a weak function of the water-vapor opacity. In general, the opacity is a sum of the oxygen,
water vapor, and condensed water terms; the opacity of the oxygen is relatively low—less than 0.02 at
20 GHz and zenith. The opacity of the water vapor can be in the order of unity for high water-vapor
content and low-elevation angles, but it stays <0.25 at moderately dry climates and θ > 10 deg.

Consequently, for the moderately dry DSN climates, the exponential function in the integral of Eq. (4)
may be linearized with an estimated error of <5 percent. Note that the water-vapor component of
the absorption coefficient dτν,θ,φ(s)/ds is proportional to the water-vapor density and, therefore, for a
linear temperature profile, one can show the equivalence of 〈h〉 to the mean height of the water-vapor
distribution. With these assumptions, for an exponential model of the water-vapor distribution, 〈h〉 is
then the scale height, ∆w, of the distribution. Considering that, on the average, the temperature profile
may be characterized by a mean surface temperature, 〈Tp(0)〉, and the mean tropospheric lapse rate, 〈w〉,
the physical temperature term in Eq. (A-1) may be approximated as

12



Tp(〈h〉) = 〈Tp(0)〉 − 〈w〉〈h〉 (A-2)

At the mid-latitude climate of the DSN sites, 〈Tp(0)〉 = 292 K and 〈w〉 = 6.82 K/km, while 〈h〉 = 2.2 km
for a mean exponential model of the water-vapor distribution [28], resulting in a mean value for Tp(〈h〉)
of 277 K. This value can be adjusted to individual days, keeping in mind the fact that the surface
temperature in Eq. (A-2) is considered as an average of measured values over at least the day. It also
should be noted that, under certain seasons and climates, the lower 2-km portion of the atmosphere
cannot always be characterized by the upper tropospheric lapse rate and, thus, Eq. (A-2) does not apply.
At high water-vapor content and low-elevation angles, Eq. (A-1) certainly needs some correction if 〈h〉 is
identified with the scale height of water vapor.

In the frequency region of from 10 to 30 GHz, the absorption coefficient of the oxygen, and the
condensed water as well [5], is proportional to ν2. Staelin [5] proposed removing the condensed-water
term by forming the quadratic-frequency-term free quantity τ1 − (ν1/ν2)

2
τ2; the opacities are obtained

from dual-frequency measurements at ν1 and ν2 (τ1 = τν1,θ,φ and τ2 = τν2,θ,φ). The opacity of the oxygen
can be calculated from the emission model of the oxygen; the result of such a calculation was applied
in [30,31] to single-frequency (32-Ghz) antenna temperature measurements on a DSN 32-m antenna. In
this article, we adopt the scheme of Staelin for the removal of the opacity of oxygen; in an extension of
this work, we plan to incorporate the oxygen-opacity calculation for determining the condensed-water
contribution as an additional check. After a suitable normalization, the quadratic-frequency-term free
quantity represents the opacity of the water vapor at a given frequency; we adopt the lower frequency,
ν1, as the reference:

τ1w = N1

(
τ1 −

(
ν1

ν2

)2

τ2

)
(A-3)

The frequency dependence of the absorption coefficient is nearly Lorentzian [29] and, therefore, the opacity
has the same behavior. At a given frequency, the opacity is the sum of water vapor, condensed (liquid)
water, and oxygen:

τν = τν w + τν l + τν o (A-4)

However, due to the quadratic frequency dependence of the last two terms, one may replace τ1 and τ2
by τ1w and τ2w, respectively. Thus, the normalization factor N1 can be obtained by substituting the
Lorentzian functional form of the opacity of water vapor,

τ ν,θ,φ =
m(θ, φ)τ 0Z

1 +
(ν − ν0)2

σ2

(A-5)

into Eq. (A-3). Here, ν0 is the center frequency of the water-vapor line, ν0 = 22.235 GHz; σ is the
thermodynamically widened line width, σ ≈ 3 GHz [33]; τ 0Z is the opacity at ν0 and zenith; and m(θ, φ)
is the linear air-mass mapping function from zenith to the line of sight. In the flat-Earth approximation,
the average m(θ, φ) equals 1/ sin θ if the azimuthal asymmetry of the mean opacity is ignored. For high
water-vapor content and low-elevation angles, corrections to 1/ sin θ should be considered [28,32,34,35].
The obtained normalization factor is

N1 =
1

1−
(
ν1

ν2

)2
τ ν2,θ,φ

τ ν1,θ,φ

=
1

1−
(
ν1

ν2

)2

RL(ν2, ν1)

(A-6)
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where RL(ν2, ν1) is the Lorentzian ratio

RL(ν2, ν1) =
τ ν2,θ,φ

τ ν1,θ,φ
=

1 +
(ν1 − ν0)2

σ2

1 +
(ν2 − ν0)2

σ2

(A-7)

For the measurements presented in this article, ν1 = 19.831 GHz and ν2 = 26.231 GHz; these numbers
result in RL(ν2, ν1) = 0.57 and N1 = 1.48. The water-vapor path delay then is calculated from the
dominant (polar) term of the refractivity of the water vapor [36]:

∆s = K

∫ ∞
0

ds
ρw(s)
Tp(s)

(A-8)

where ρw is the water-vapor density. Equation (A-8) may be evaluated, after substitution, by the mean
value theorem of integrals with the same assumptions used in the opacity integral:

∆s =
K

Tp(〈h〉)

∫ ∞
0

ds ρw(s) (A-9)

Since the opacity of the water vapor is proportional to the path integral of the water-vapor density, a
linear relationship between ∆s and τ1w is obtained:

∆s = A1τ1w = A1N1

(
τ1 −

(
ν1

ν2

)2

τ2

)
(A-10)

Based on theoretical calculations and actual measurements of the emission spectra and refractivity of the
water vapor, one can determine the water-vapor retrieval coefficient, A1, in Eq. (A-10). In this article, we
adapt and modify the mean value obtained in [12] by Resch for the JPL water-vapor radiometers. This
process will illustrate that certain retrieval algorithms of a particular WVR may be applied to another
one with modification. A biasless linear expression in opacities is given in [12] and can be written as

∆s = 158

(
τ ′1 −

(
ν′1
ν′2

)2

τ ′2

)
(A-11)

where ∆s is in centimeters, and ν′1 = 20.7 GHz and ν′2 = 31.4 GHz. First, we transform Eq. (A-11) so
that it refers to the water-vapor opacity at ν′1: ∆s = (158/N ′1)τ

′
1w = 149.6τ ′1w. Since the water-vapor

path delay is independent of the retrieval frequencies, we can transform Eq. (A-11) to the frequency ν1:

∆s =
(

149.6τ ′1w
τ1w

)
τ1w = A1N1

(
τ1 −

(
ν1

ν2

)2

τ2

)
(A-12)

where

A1 = 149.6RL(ν1, ν
′
1) (A-13)
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The actual frequencies used for our measurements lead to RL(ν1, ν
′
1) = 0.76 and A1 = 114.4 cm. For low

opacity values in Eq. (A-1), only the first-order opacity term may be retained, giving a linear relationship
between the brightness temperature of the sky and the opacity:

Tν = Ts + Tc +
(
Tp(〈h〉)− Ts − Tc

)
τ ν,θ,φ(∞) (A-14)

Actual measurements of brightness temperatures involve the sum of the sky and the receiving-system
temperatures. If the receiving-system temperature, Tr, is not calibrated, then we must include it in our
brightness-temperature equation used for data reduction. If Tr is calibrated, then we still include it as
a representation of calibration error. Adding Tr to Eq. (A-14) and collecting all temperatures into two
linear coefficients, Eq. (A-14) can be written for the total measured temperature (operating temperature)
as

Tν = TAν + TB τ ν,θ,φ(∞) (A-15)

TAν = Ts + Tc + Tr (A-16)

TB = Tp(〈h〉)− Ts − Tc (A-17)

Defining the effective brightness temperature of water vapor as

Tν w = TB τ ν w (A-18)

then the combination of Eqs. (A-3) and (A-18) yields the effective water-vapor brightness temperature
and path delay:

T1w = N1

(
T1 −

(
ν1

ν2

)2

T2

)
− TA 1w (A-19)

∆s =
A1T1w

TB
(A-20)

where

TA 1w = N1

(
TA 1 −

(
ν1

ν2

)2

TA 2

)
(A-21)

In TB , the frequency dependence of Ts and Tc is ignored. In the data reduction of brightness-temperature
measurements, TA is statistically estimated for the entire observing session as a quadratic function of time.
Assuming azimuthal symmetry and ignoring the curvature of the Earth, the statistical fit determines TA 1w

and the average zenith opacity, τZ w, from Eqs. (A-3) and (A-15):

TA 1w +
τ1Z wTB

sin θ
= N1

(
T1 −

(
ν1

ν2

)2

T2

)
(A-22)
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